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First-Order Logic:  Semantics
From last time.....
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First-Order Logic:  Semantics
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First-Order Logic: Equivalent Formulae
From last time: Equivalence of formulae in FOL:

In addition to all the rules for equivalence of propositional formulae, we also 
have the following rules involving quantifiers:

Also note that you can not exchange the order of different quantifiers:

T

O

t.IEt 8

VIII Tax

Z I 0



First-Order Logic:  Semantics
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First-Order Logic:  Semantics
Equality is a special case of a relation which is always given the 
natural interpretation, using the axioms:
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First-Order Logic:  Equivalent Formulae
From last time: Equivalence of formulae in FOL:

In addition to all the rules for equivalence of propositional formulae, we also 
have the following rules involving quantifiers:

Also note that you can not exchange the order of different quantifiers:
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First-Order Logic: Equivalent Formulae
As we shall see, Resolution theorem proving in FOL requires that the formula does not 
contain existential quantifiers.  Fortunately, a technique called Skolemization can be 
used to remove existentials without changing the satisfiability of the formula. 

Skolemization involves substituting a new constant for the existentially quantified 
variable in the formula:

The reason we can do this without changing the fundamental character of the problem 
(i.e., whether it is satisfiable or unsatisfiable) is:

if and only if

where     is the same as    except that it provides an interpretation for the new constant.    
This is always possible because of the definition of    .
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First-Order Logic: Equivalent Formulae
Example:
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First-Order Logic: Equivalent Formulae
Skolemization can also be done when an existentially-quantified variable occurs inside 
the scope of a universal quantifier:

if and only if

where     is the same as    except that it provides an interpretation for the new function 
symbol f .  This function "chooses" an value for y for each of the values of x. Since the 
formula says that you can always do this, the function f can always be given an 
interpretation in     .
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First-Order Logic: Equivalent Formulae
Example:



First-Order Logic: Equivalent Formulae
To summarize:     Any set of formulae S can be transformed into a set S' where there 
are no existential quantifiers, where S is satisfiable if and only if S' is satisfiable. 

Why is this important ?

Resolution theorem proving can be performed in FOL for sets of universally-
quantified formulae (no    's) in conjunctive normal form:

where each Li is an atomic formula (predicate or negation of a predicate). As usual, we 
represent a CNF using sets of literals, where now all variables are assumed universally 
quantified:

Full disclosure:  When using resolution in FOL, we hardly ever use Skolemization, 
instead writing our set of formulae without using    .   Whew !
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First-Order Logic: Resolution

The ONLY thing that changes in resolution when we go to FOL is that we have to
deal with a new form of the resolution rule. Briefly, we have to account for when 
precisely there is a conflict between two literals of opposite sign.

Some examples will clarify the problem. 

Example 1

Everyone loves logic.                                    ∀". LovesLogic(")
Prove that omar loves logic.                          LovesLogic(omar) 

∀"(LovesLogic " ) ∧ ¬ LovesLogic(omar) 

{  {LovesLogic(") },  { ¬ LovesLogic(omar) }  }

Why is this unsatisfiable?
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First-Order Logic: Resolution

Example 2

Everyone in CS4100 loves logic.                  ∀". InCS4100 x → LovesLogic "
Omar is in CS4100                                        InCS4100(omar)  
Prove that omar loves logic.                          LovesLogic(omar) 

∀"(InCS4100 x → LovesLogic " ) ∧ InCS4100(omar)  ∧ ¬ LovesLogic(omar)

{  {¬ InCS4100 x , LovesLogic(") }, { InCS4100(omar) }, { ¬ LovesLogic(omar) }  }
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First-Order Logic: Resolution

Example 3

All of Omar's friends love logic.              ∀". Friend omar, x → LovesLogic "
Ali is friends with everyone. ∀:. Friend y, ali
Prove that omar loves logic.                          LovesLogic(omar) 

∀"(Friend omar, x → LovesLogic " ) ∧ Friend y, ali ∧ ¬ LovesLogic(omar)

{  {¬ Friend omar, x , LovesLogic(") }, { Friend y, ali }, { ¬ LovesLogic(omar) }  }

we

WE

T.EE
EI.yi

Frampton I MENTMM FRIEND

Freeman.MIL 11jfEfre
F mcy ne

EX KWAME



First-Order Logic: Resolution

Example 3b    (with clash of variable names)

All of Omar's friends love logic.              ∀". Friend omar, x → LovesLogic "
Ali is friends with everyone. ∀". Friend x, ali
Prove that omar loves logic.                          LovesLogic(omar) 

∀"(Friend omar, x → LovesLogic " ) ∧ Friend x, ali ∧ ¬ LovesLogic(omar)

{  {¬ Friend omar, x , LovesLogic(") }, { Friend x, ali }, { ¬ LovesLogic(omar) }  }
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First-Order Logic: Resolution

Example 3c    (with variables renamed)

All of Omar's friends love logic.              ∀"1. Friend omar, x1 → LovesLogic "1
Ali is friends with everyone. ∀"2. Friend x2, ali
Prove that omar loves logic.                          LovesLogic(omar) 

∀"(Friend omar, "1 → LovesLogic x1 ) ∧ Friend x2, ali ∧ ¬ LovesLogic(omar)

{  {¬ Friend omar, "1 , LovesLogic("1) }, { Friend x2, ali }, { ¬ LovesLogic(omar) }  }

RENAME ALL VANS



First-Order Logic: Resolution

Example 4  (with unification)

m(x) = mother of x              (everyone has a mother)

Everyone knows their mother.              ∀". Knows x,A(")
Prove that henry knows someone. ∃".Knows ℎIJK:, "

¬ ∃".Knows ℎIJK:, "
∀". ¬ Knows ℎIJK:, "

∀"(Knows x,A " ∧ ¬ Knows ℎIJK:, "

{  { Knows x,A " },  {¬ Knows ℎIJK:, " }  }

Unfortunately, unification can get much more complicated.....
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First-Order Logic: Unification

Unify the two terms:        P( f( g( x ) ), y, z )                  P( u, u, f( u ) )
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First-Order Logic: Resolution Rule for FOLya 14 g
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First-Order Logic: Unification



First-Order Logic: Equivalent Formulae
Example 5:



First-Order Logic:  Semantics
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First-Order Logic:  Semantics

{ x/Peanuts }

{ z/Peanuts }

{ y/Anil }

{k/Anil }
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